Abstract. In this short note, we will give the key point of the section conjecture of Grothendieck, that is reformulated by monodromy actions. Here, we will also give the result of the section conjecture for algebraic schemes over a number field.
An arithmetic variety is an integral scheme X satisfying the conditions:
• dim X ≧ 1.
• There is a surjective morphism f : X → Spec (Z) of finite type.
For an integral scheme Z, set
• k(Z) the function field of an integral scheme Z;
theétale fundamental group of Z for a geometric point of Z over a separable closure of the function field k (Z) .
In particular, for a field L, we set
1.2. Outer homomorphisms. Let G, H, π 1 , π 2 be four groups with homomorphisms p : G → π 1 and q : H → π 2 , respectively.
The outer homomorphism set from G into H over π 1 and π 2 respectively, denoted by Hom out π 1 ,π 2 (G, H), is the set of the maps σ from the quotient
given by a group homomorphism f : G → H in such a manner:
for any x ∈ π 1 . [4] - [9] . Definition 1.2. Let X be an arithmetic variety (or algebraic K−variety, respectively). Then there is an integral variety X Ωet and a surjective morphism p X : X Ωet → X satisfying the conditions:
• X Ωet is quasi-galois closed over X by p X . The integral variety X Ωet is called a universal cover over X for thé etale fundamental group π et 1 (X), denoted by (X Ωet , p X ) . Definition 1.3. For any integral variety X, there exists an integral variety X sp and a surjective morphism λ X :
• X sp is quasi-galois closed over X by λ X . The integral scheme X sp , is said to be an sp−completion of X, denoted by (X sp , λ X ).
Formally unramified extensions.
(See [7, 10] ). Let us recall the definition for formally unramified extension of a given field. Definition 1.4. Let K 1 and K 2 be two arbitrary extensions over a field K such that K 1 ⊆ K 2 .
(i) K 2 is said to be a finite formally unramified Galois extension of K 1 if there are two algebraic varieties X 1 and X 2 and a surjective morphism f : X 2 → X 1 such that
• X 2 is a finiteétale Galois cover of X 1 by f .
(ii) K 2 is said to be a finite formally unramified extension of K 1 if there is a field K 3 over K such that K 2 is contained in K 3 and K 3 is a finite formally unramified Galois extension of K 1 .
(iii) K 2 is said to be a formally unramified extension of K 1 if the field K 1 (ω) is a finite formally unramified extension of K 1 for each element ω ∈ K 2 . In such a case, the element ω is said to be formally unramified over K 1 .
Let L be an arbitrary extension over a field K. Set
Remark 1.5. It is seen that for the case of an algebraic extension, in general, the formally unramified extension defined in Definition 1.4 does not coincide with that in algebraic number theory. Remark 1.6. Note that we define another unramified extensions in [5, 6, 9] for arithmetic schemes, which is a generalization of unramified extensions in algebraic number theory and hence is different from the above one defined in Definition 1.4.
Section Conjecture: Key Point
The key point of the section conjecture, or what Grothendieck tells to us indeed, can be reformulated in a manner such as the following.
Theorem 2.1. Let X, Y be two algebraic K−varieties or two arithmetic varieties. Then there exists a bijection
This result is immediate from the monodromy actions of automorphism groups on the integral schemes that are considered. See [9, 10] for the proof.
Here, we have the following group isomorphisms
in virtue of the properties of quasi-galois closed schemes.
Section Conjecture, II: Algebraic Schemes
For anabelian geometry of algebraic schemes over K, we have the following results. See [10] for detail.
Theorem 3.1. Let X and Y be two algebraic K−varieties such that k (Y ) is contained in k (X). Then there is a bijection
Theorem 3.2. For any algebraic K−variety X, there is a bijection
Using Galois groups of fields, we will have the following versions of the main theorems above. between sets.
